Chapter 4
Onset of double diffusive reaction-convection in an anisotropic porous layer with internal heat source
Introduction
Double diffusive convection in a porous media occurs in many systems, and this problem has attracted considerable interest during the past few decades because of its wide range of applications, from the solidification of binary mixtures to the migration of solutes in water-saturated soils. The other examples include geophysical system, electrochemistry, and migration of moisture through air contained in fibrous insulation.
Extensive reviews of the literature on this subject can be found in the books by Ingham and Pop (2005) , Vafai (2000, 2005) , Nield and Bejan (2006), and Vadasz (2008) .
There are large number of practical situations in which convection is driven by internal heat source. Due to the internal heating of the earth that there exists a thermal gradient between the interior and exterior of the earth's crust, saturated by multicomponents fluids, which helps convective flow. Further, internal heat source is the main energy source of celestial bodies which is generated by radioactive decay and nuclear reaction. Therefore, the effect of internal heat generation is very important in several applications that include reactor safety analyses, geophysics, metal waste form Part of this chapter has been published in the Proceedings of the 5 th International
Conference on Porous Media and Their Applications in Science, Engineering and
Industry held from June 22-27, 2014 at Kona, Hawaii, USA. development for spent nuclear fuel, fire and combustion modelling, and storage of radioactive materials. Haajizadeh et al. (1984) , and Rao and Wang (1991) investigated a uniform heat-generation term across an enclosure with isothermal vertical walls and adiabatic horizontal walls. Thermal instability in an anisotropic porous medium with an internal heat source subjected to an inclined temperature gradient was studied by Parthiban and Patil (1997) . Hill (2005) studied double-diffusive convection in a fluid saturated porous layer with a concentration based internal heat source. Magyari et al. (2007b) have examined the effect of the source term on steady free convection boundary layer flows over a vertical plate in a porous medium. Double-diffusive penetrative convection simulated via internal heating in an anisotropic porous layer with throughflow was studied by Capone et al. (2011) . Natural convection in a rotating anisotropic porous layer with internal heat generation using a weak nonlinear analysis has been given by Bhadauria et al. (2011) . Bhadauria (2012) has analyzed the double diffusive convection in a saturated anisotropic porous layer with internal heat source using a linear and weak nonlinear analysis. Recently, Altawallbeh et al. (2013) have studied the double-diffusive convection in a saturated anisotropic porous layer with Soret effect and internal heat source.
Thermal convection is considered to be an important and in many practical cases a major mechanism for the transport and deposition of salts and other chemicals in sedimentary basins. A variety of chemical reactions can occur as fluid, carrying various dissolved species, moves through a permeable matrix. The nature of the resulting dissolution or precipitation depends on the reaction kinetics and the influence of temperature, pressure, and other factors on them has been studied by Phillips (2009) .
The effect of chemical reactions on convective motion is not fully known and has received relatively little attention. Influence of chemical reaction on double-diffusive convection in porous medium was first introduced by Steinberg and Brand (1983, 1984) . Their analysis is restricted to the regime where the reaction rate was sufficiently fast that the solutal diffusion could be neglected. Gatica et al. (1989) and Viljoen et al. (1990) have examined the effect of exothermic-reaction on the stability of the porous system. Their study is limited to the case where the thermal and solutal diffusivities are equal so that overdamped oscillations are not possible. Linear stability analysis for chemically driven instabilities in binary liquid mixtures with fast chemical reaction was studied by Malashetty and Gaikwad (2003) . They found analytical expressions for the onset of stationary and oscillatory instabilities. Pritchard and Richardson (2007) have been considered the effect of temperature dependent solubility on the onset of thermosolutal convection in an isotropic porous medium. Malashetty and Biradar (2011a) have studied the onset of double-diffusive reaction-convection in an anisotropic porous layer.
Anisotropy is generally a consequence of preferential orientation or asymmetric geometry of porous matrix or fibers encountered in numerous systems in industry and nature. In geological processes such as sedimentation, compaction, frost action, and the reorientation of the solid matrix are responsible for the creation of an anisotropic porous medium. Anisotropy is particularly important in a geological context, since sedimentary rocks generally have a layered structure; the permeability in the vertical direction is often much less than in the horizontal direction. Anisotropy can also be a characteristic of artificial porous materials like pelletting used in chemical engineering process and fiber material used in insulating purpose. Castinel and Combarnous (1974) have studied the Rayleigh-Benard convection in an anisotropic porous layer both, experimentally and theoretically. Epherre (1975) extended their stability analysis to a porous medium with anisotropy in thermal diffusivity also. A theoretical analysis of nonlinear thermal convection in an anisotropic porous medium is performed by Kvernvold and Tyvand (1979) . The review of research on convective flow through anisotropic porous media has been well documented by McKibbin (1985 McKibbin ( , 1992 and Storesletten (1998 Storesletten ( , 2004 . Some of the research articles related to anisotropic porous media are given by Tyvand (1980 ), Tyvand and Storesletten (1991 ), Govender (2006 , Malashetty and Swamy (2010) , Gaikwad et al. (2009a Gaikwad et al. ( , 2009b , Bhadauria (2012), Gaikwad and Begum (2013) , Altawallbeh et al. (2013) .
Therefore, in the present study we intend to perform linear and weak nonlinear stability analyses of double diffusive reaction-convection in an anisotropic porous layer with internal heat source. Our objective is to study how the onset criterion for stationary and oscillatory convection is affected by the internal Rayleigh number, chemical reaction parameter and anisotropy parameters, and also to know their effect on heat and mass transfer.
Mathematical Formulation
We consider a reactive fluid-saturated anisotropic porous layer with internal heat source, confined between two parallel horizontal planes at 0 z = and , z d = with a distance d apart. The planes are infinitely extended horizontally in x and y directions and are free-free. A Cartesian frame of reference is chosen with the origin in the lower plane and the z -axis is vertical upward, where the gravity force g is acting vertically downward. The lower plane is held at constant temperature 0 T T + ∆ and constant solute concentration 0 S S + ∆ , while the upper plane is held at 0 T and 0 S with 0 T ∆ > and 0 S ∆ > . The Darcy model is employed for the momentum equation and we are assuming that chemical equilibrium is maintained at the boundaries. The Boussinesq approximation is applied to account for the effects of density variations. Under these assumptions the governing equations are
where q denote the velocity, p the pressure, µ is the viscosity, Q is the internal heat source,
ii jj kk is the inverse of the permeability tensor,
kk is the thermal diffusivity tensor, ε is the porosity, T is the temperature, S is the concentration, S κ is the mass diffusivity, 1 χ is a lumped effective reaction rate, ( ) eq S T is the equilibrium concentration of the solute at a given temperature, T β is the thermal expansion coefficient,
is gravitational acceleration.
Further, specific heat ratio ( ) ( ) We then find the temperature and solute distribution in the basic state as
S S T = and since eq S is linear in T , we allow the existence of a steady basic state in which the solute is everywhere in chemical equilibrium with the solid matrix and therefore the vertical flux of solute is constant in space. We study the stability of this basic state using the method of small perturbations. Now superimpose the small perturbation at the basic state in the form , (
where the primes indicate perturbations. Substituting equation (4.7) into equations (4.1)-(4.5), using the basic state solutions, we obtain the equations governing the perturbations in the form
(4.11)
By operating curl twice on equation (4.9) we eliminate p′ and then use the scalings
to obtain non-dimensionalize equations (4.8)-(4.11) in the form (on dropping the asterisks for simplicity) Equations (4.13)-(4.15) are to be solved for impermeable, isothermal and isohaline boundaries. Hence the boundary conditions for the perturbation variables are given by
(4.16)
Linear Stability Analysis
In this section, we predict the thresholds of both stationary and oscillatory convections using linear theory. The Eigenvalue problem defined by equations (4.13)-(4.15) and subject to the boundary conditions (4.16) is solved using the time dependent periodic disturbances in a horizontal plane, upon assuming that amplitudes are small enough and can be expressed as
where l , m are the wavenumbers in the horizontal plane and ω is the growth rate.
Substituting equation (4.17) into equations (4.13)-(4.15), we obtain
where D d dz ≡ and 2 2 2 a l m = + . The boundary conditions (4.16) now read as
We assume the solutions to , ,
(4.22)
The most unstable mode corresponds to 1 n = (fundamental mode). Therefore, substituting equation (4.22) for the fundamental mode into equations (418)-(4.20), and using the solvability condition we obtain an expression for the thermal Rayleigh number as ( ) 
Stationary Convection
For the validity of the principle of exchange of stabilities (i.e., steady case), we have 0 
The minimum value of the Rayleigh number 
Oscillatory Convection
Setting i i ω ω = in equation (4.23) and clear the complex quantities from the denominator, to get
Since T Ra is a physical quantity, it must be real. Hence, from equation (4.29) 
The analytical expression for the oscillatory Rayleigh number given by equation (4.31) is minimized with respect to the wavenumber numerically, after substituting for 2 i ω (>0) from equation (4.30), for various values of physical parameters in order to know their effects on the onset of oscillatory convection.
Weakly Nonlinear Analysis
In this section we consider the weakly nonlinear analysis using a truncated representation of the Fourier series considering only two terms. We have performed the linear stability analysis in the above section, which is sufficient to obtain the stability conditions, but it cannot give information about the rate of heat and mass transfer nor about the values of convection amplitudes. Therefore, here we need to perform the weakly nonlinear analysis to obtain the additional informations. This will be one step forward in understanding the full non-linear mechanism of double diffusive convection.
For simplicity of analysis, we confine ourselves to the two-dimensional rolls, so that all the physical quantities are independent of y . We introduced stream function ψ 
Now consider a minimal Fourier series with one term in the stream function, and to get some effects of nonlinearity, take two terms in the temperature and concentration fields as given below
where the amplitudes , , , , A B C D and E are functions of time and are to be determined.
Substituting equations (4.35)-(4.37) into equations (4.32)-(4.34) and equating the coefficients of like terms, we obtain the following nonlinear autonomous system of differential equations: The above nonlinear system of autonomous differential equations for time dependent variables is not suitable to be solved analytically, and thus it is to be solved using a numerical method. After determining the value of the amplitude functions , , , A B C D and E , we will obtain the expressions for the Nusselt number and Sherwood number as a function of time.
Steady Finite Amplitude Motions
From qualitative predictions, we look into the possibility of an analytical 
Heat and Mass Transport
In the study of convection in fluids, the quantification of heat and mass transport is important. This is because the onset of convection, as the Rayleigh number is increased, is more readily detected by its effect on the heat and mass transport. In the basic state, heat and mass transport is by conduction alone. We now proceed to find the 
The second term on the right hand sides of equations (4.55) and (4.56) represent the convective contributions to heat and mass transport respectively. The expressions for the Nusselt number and Sherwood number given by equations (4.55) and (4.56) are evaluated for different values of the parameters and the results are discussed in the next section.
Results and Discussion
The Furthermore, we can observe from this figure that the effect of internal Rayleigh number i R is more pronounced on the stationary mode than on the oscillatory mode.
Also, we find from this figure that the minimum of the Rayleigh number shift towards the smaller values of the wavenumber with increasing internal Rayleigh number. critical Rayleigh number for the oscillatory and finite amplitude modes increases with increase in the value of χ , indicating that the effect of the Damkohler number is to delay the onset of convection in oscillatory and finite amplitude modes. This is because the chemical reaction term couples together the temperature and concentration fields to inhibit double diffusive effects. On the other hand, the critical Rayleigh number for the stationary mode decreases with increase of χ , indicating that the effect of chemical reaction parameter is to destabilize the system in the stationary mode. Also, we find from this figure that the threshold value of the solute Rayleigh number below which the oscillatory convection is not possible increases with an increase of the Damkohler number.
The variation of the critical Rayleigh number for stationary, oscillatory, and finite amplitude modes for different values of mechanical anisotropy parameter ξ is shown in Figure 4 .7. We find that the critical Rayleigh number for the stationary, oscillatory, and finite amplitude modes decreases with an increase of ξ , indicating that the effect of mechanical anisotropy parameter is to advance the onset of stationary, oscillatory and finite amplitude modes. Also, we observe that the threshold value of the solute Rayleigh number below which the oscillatory convection is not possible increases with the decrease of mechanical anisotropy parameter. the other parameters. We observe that an increase in η increases the critical Rayleigh number for stationary, oscillatory and finite amplitude modes indicating that the effect of an increase of thermal anisotropy parameter is to enhance the onset of stationary, oscillatory and finite amplitude convection. Here, it is interesting to note that the effect of the thermal anisotropy parameter η is opposite to that of the mechanical anisotropy parameter ξ . Also, we find from this figure that the threshold value of the solute Rayleigh number below which the oscillatory convection is not possible increases with the decrease of thermal anisotropy parameter. reduced. This makes advective heat transfer more effective and so makes it easier for the destabilizing thermal buoyancy gradient to produce convection.
The nonlinear analysis provides not only the onset threshold of finite amplitude motions but also the information of heat and mass transport in terms of the Nusselt and χ on heat and mass transfer for fixed values of other parameters is shown in Figure   4 .12. We find that an increase in the value of Damkohler number increases both heat and mass transfer.
The transient behavior of heat and mass transfer is studied by solving autonomous system of differential equations numerically using the Runge-Kutta method with suitable initial conditions. The We find that an increase in the mechanical anisotropy parameter decreases both heat and mass transfer. We find from 
